LAPLACE INVARIANTS OF TODA LATTICES WITH THE EXCEPTIONAL 
CARTAN MATRICES 

A.M. Guryeva* and A.V. Zhiber^ 

We show that Toda lattices with the exceptional Cartan matrices G2, and fe — 8^ are Liouville 
type systems. For these systems of equations, we obtain explicit formulas for the invariants and 
generalized Laplace invariants. 

Keywords: Cartan matrices, integrals, Laplace invariants, generalized invariants 

Introduction 



■ It is well known that Laplace invariants and transformations of the scalar hyperbolic equations 
were the object of classical research. Recently the interest to transformations and Laplace invariants 
O was created. It is explained by the existence of a close relation, discovered in a number of works 
\ (see [1, 2, 6, 10-14]), between some important properties of nonlinear equations (such as exact 
Q I integrability and the existence of higher symmetries, conservation laws, and differential 
Q ' substitutions) and the properties of the chain of invariants of the linear equation. One of the most 
famous examples of explicitly integrable equations in partial derivatives is the Liouville equation 

'""I "^xv — a ■ (1) 

00 ■ 

\ There are different notions of integrability of nonlinear hyperbolic equations. In particular, the 
[ definition of the class of exactly integrable nonlinear hyperbolic equations in [3, 10, 13] was based 
on the finiteness of the chain of Laplace invariants of the linearized equation (this equations called 
equations of the Liouville type). 

The natural next step in such investigations is to generalize these results to systems of equations. 
In [14], the definition of equations of the Liouville type was extended to nonlinear hyperbolic systems 
O \ of form 

'it,y = F\x,y,u,u^,Uy) (2) 

(hereafter, we assume u and F to be n-dimensional vectors). 

For completeness of the presentation in what follows, we recall the main results in [14] pertaining to 
systems of differential equations. The case of systems of differential equations involves a major problem 
^ ■ related to the definition of Laplace invariants. The linearized systems of equations for systems Q has 
J> ■ the form 

: [DD + aD + bD + c)v = 0, (3) 

H ■ — 

_C3 \ where D and D are the respective total derivative operators with respect to x and y and where a, b and 
c are the matrices 

dF'\ ^_ /'dF'\ _ /dF' 

A straightforward generalization of the notion of invariants to the matrix case is as follows. 
The principal Laplace invariants are defined by the formulas 

Hi = D{a) + ba-c and Ki = D{b) + ab - c, (4) 



O 



in 
o 



*Ufa State Aviation Technology University, Ufa, Russia. 

'''Institute of Mathematics, Ufa Science Center, RAS, Ufa, Russia, e-mail: zhiber@imat.rb.ru. 



1 



and the matrices Hi with i > 1 are to be found consecutively from the system of equations 

D{Hi) + aiHi - Hitti^^ = 0, (5) 



Hi+, = D{ai) + [h, ai] - D{h) + Hi, 2 = 1,2,..., (6) 

where ag = a. If Hi for i < m and for i < m — 1 are already known, then am is determined from 
Eq. ((Sj), and Hm+i is determined from Eq. But if detHm = 0, then either does not exist in 
general or is determined up to the kernels the matrices Hm- The choice of the element in the kernel 
essentially affects the existence of and the explicit formulas for the subsequent invariants. 
The elements Ki are determined similarly, 

D{K.^ + biK, - KA-i = 0, (7) 



K,+i = D{k) + [a,bi]-D{a) + Ki, 2 = 1,2,..., (8) 

where bo = b. We thus face the problem of consistently defining the chain of invariants. 

We note that the interesting systems ^ are precisely those with degenerate matrices Hi and Ki. 

We define the elements Hi and Ki somewhat differently: if the matrices Hi, H2, . . . , Hm are known 
and the equation 

D{Xm) + amXm — XmO, = 0, Xm = Hm " Hm-1 ■ ■ ■ Hi, (9) 

has a solution a^, we set 

Hm+i = D{am) + [b,am]-D{b)+Hm, m = l,2,.... (10) 
Similarly, if the elements Ki, K2, . . . , Km are already found and there exists a solution bm of the equation 

D{Ym) + bmYm ~ ^mb = 0, Ym = Km " Km-1 " " " Ki, (11) 

we define Km+i as 

Km+i=D{bm) + [a,bm]-D{a) + Km, m = l,2... . (12) 

It is clear that under the solvability condition for Eqs. Q and (fTTll . formulas (jH) and ^ - (fT^ 
determine a sequence of matrices H^ and Ki, i = 1,2, . . . . 

We note that if relations ^ are satisfied for i = 1, 2, . . . k, then Eqs. © hold for m = 1, 2, . . . , A;. 
The converse statement is not true in general. 

By analogy with the scalar case, we call the matrices Hi and Ki defined by formulas (jH) and 
© - (fT^ the Laplace invariants and also call Xi and Yi, i = 1,2, ... , the generalized invariants of 
linearized systems of equations (jH]). 

The conditions for the existence of solutions and bm of systems of equations and (fTT| are 
given in the following lemma. 

Lemma . Systems of equations ^ has a solution if and only if the condition 

(D + a) (KerXm) C KerXm (13) 
is satisfied; systems ( IjJ)) has a solution if and only if the condition 

{D + b) [KerYm] C KerYm (14) 

is satisfied. 
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Because the matrices and bi determined ambiguously, the invariants Hm and Km depend on the 
choice of the matrices ai, a2, . . . , cim-i and &i, 62, • • • , &m-i; therefore, the generalized Laplace invariants 
Xjn and Ym are generally affected by this choice. There thus arises the question under what conditions 
the sequences {Xi} and {Yj} are well-defined. The following theorem answers this question. 

Theorem 1. // 

{D - h^) {CokerXi) C CokerXi, 2 = 1, 2, . . . , m, 
CokerXi C CokerX2 C ■ ■ ■ C CokerXm, 

then the generalized invariant Xm+i is independent of the choice of the matrices oi, 02, 

V 

{D - a^) (CokerYi) C CokerYi, i = 1, 2, . . . , m, 
CokerYi C CokerY2 C ■ ■ ■ C CokerYm, 

then the generalized invariant Y^+i is independent of the choice of the matrices 61, 62? • 

Therefore, precisely the sequences {Xi} and {1^} (rather than {Hi} and {Ki}) are well-defined; 
their termination is placed in the basic of the definition of systems ^ of the Liouville type. 

Definition . A system of equations ^ is said to he a system of the Liouville type if 
conditions - ( TT^) are satisfied and there exist r > 1 and s >1 such that = = 0. 

Directly generalizing Liouville equations ^ to systems Q gives the truncated Toda lattices [7, 8] 
related to the Cartan matrices of simple Lie algebras. One of the equivalent forms of writing these 
systems is 

n 

= X^"^i^^P(^^)' i = l,2, (17) 
i=i 

It is well known that these systems have x and y integrals (see, e.g., [8, 9]). We also note that, as 
proved in [8], systems of equations (|T7|l has a complete set of x and y integral if and only if the matrix 
A = {ttij) is equivalent to one of the Cartan matrices of a simple Lie algebra. 

In this work, we show that Toda lattices (|T7|l with the exceptional Cartan matrices Q2, -^4, — £s 
are Liouville type systems in the sense of the definition given above. We obtain explicit formulas for 
the invariants and generalized Laplace invariants for these systems of equations. 

We note that, as showed in [5], systems of equations (fT7|) with Cartan matrices Bn, Cn, and 
are Liouville type systems. 

V.V. Sokolov hypothesized that the values of the index k at which the rank of the generalized 
Laplace invariants Xk drops coincide with the exponents of the corresponding simple Lie algebra and 
that the number h for which X^ = 0, is equal to the Coxeter number. 

1. The Cartan matrix Q2 

Systems of equations (fT7|) with the Cartan matrix Q2 has the form 

uly = 2exp{u^) — exp{u^), uly = —3exp{u^) + 2exp{u^). (18) 

The invariants Hm and generalized invariants X^ of the linearized system JTHl), determined from 
formulas (jll), ©, and (fTn|) . are evaluated as 

X, = H, = g2S^, Xm = g2P-'SmQ, m = 2,3,4,5, Xg = 0, 

H2 = g2P-'Z2g2\ = ig2P-'Zm + g™) pg2\ m = a, 4, 5, e, 

Qm = Qm-i + D{Bm-i) + g2P-'Dm, m = 3,4,5,6, Q2 = 0, 



.... drr).- 



(15) 



(16) 
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where 



P 



/3 1 \ 



Q 



1 
4 1 







6^ and 6^, m = 2, 3, 4, 5, are arbitrary elements, and D-^ ■ 

5*1 = diag(exp(u^),exp(u^)), 5*2 
S3 = diag(0,4exp(2Mi + 

S5 = diag(0, 12exp(3ui + 2u^)), Z3 
Z4 = diag(0, 3 exp(M^)), 





-ie"^ 



) Dm 



fe'i^i 
6- 



0, m = 4, 5, 6, and 



diag(0, exp(M^ + u^)), 
diag(0, 12exp(3Mi + 
diag(0, 4exp(M^)), 
diag(0, exp('u^)), Zq = 0. 



Solutions am of Eqs. ^ are then given by 

ai = -Q2RlQ2\ Cim = [-G2P-^Rm + Bm] ^6^2"', ^ = 2, 3, 4, 5, 

where 



Ri = diag(M^, 



R2 = diag(0, ul + ul), i?3 = diag(0, 2m^ + ul), 

Ri = diag(0, 3ul + u^), R5 = diag(0, 3m^ + 2ul). 

We note that the values of the index m at which the rank of the generalized invariants Xm drops 
coincide with the exponents 1, 5 of the Q2 systems, and the number m = Q for which Xm = is equal 
to the Coxeter number [4]. 

2. The Cartan matrix JF4 

Systems of equations (fT7|l with the Cartan matrix ^4 has the form 



u,, 



xy 
2 

xy 
3 

xy 
4 



2exp(u^) — exp(M^), 

— exp('u^) + 2exp(-u^) — exp('u^), 

— 2exp(M^) + 2exp(u'^) — exp(u^), 



(19) 



'^xy = — exp(M^) + 2exp(-u'^). 
We write this systems in the matrix form 

DDu = J^iUc, 



u , u , u , u 



3 nA\T \ 



is the column of the unknowns, c = (1, 1, 1, 1)^, and U = diag(exp(u^). 



where u 

exp(M^), exp(u^), exp(M'')). The linearization of Eqs. (fT9|) is then 



DDv = J^Mv, 



(20) 



To describe the Laplace invariants and the generalized invariants, we introduce matrices. 
The matrix Jk is the upper-triangular matrix of size k all of whose elements in the main diagonal 
and above it are equal to unity. The matrix is the unit matrix of size k. 
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The matrix is block matrix: — 



( 



E5-k 








A; = 2, 3, 4. 



We set J 



/ 2 2 1 1 \ 

2 11 

11 

\ 1 / 



The matrices Bm, m = 1, 2, . . . , 11 of size 4, are defined as 

- the first column of the matrices B^, m < 5 consist of arbitrary elements, 

- the first and second columns of the matrices B^, m — 6,7 consist of arbitrary elements, 

- for m > 8 in additional to the first and second columns, the third column B^ is also arbitrary, 
with the other element equal to zero. 

The diagonal matrices Sm and Rm are given by 

Si — diag (I exp(it^), | exp(ii^), exp(it^), exp(ii^)) , 



5*2 = diag (0, 2 exp(-u^ + m^), 2 exp(-u^ + -u^),exp(M^ + '"^)) > 

5*3 = diag (0, 4 exp(2-u^ + u^),2 exp{u^ + -u^ + -u^), 2 exp(-u^ + + u'^)) , 

S4 = diag(0, 18exp(M^ + 2u^ + u^),4:exp{2u'^ + + u^),2cxp{u^ + u"^ + + u^)) , 

^5 = diag (0, 36 exp(2M^ + 2u'^ + u^), 18 exp{u^ + 2u^ + u^ + u'^),A exp{2u^ + 2v? + m^)) , 

^6 = diag (0, 0, 36 exp{2u^ + 2v? + -u^ + u^), 18 exp(H^ + 2v? + 2u^ + u^)) , 

S7 = diag (0, 0, 36 exp{2u^ + 2v? + 2u^ + u^), 18 Qxp{u^ + ?>v? + 2u^ + i*^)) , 

,^8 = diag (0, 0, 0, 18 Qxp{2v> + ?>u^ + 2u^ + u^)) , 

Sg = diag (0, 0, 0, 36 exp{2u^ + Au^ + 2u^ + u'^)), 

Sio = diag (0, 0, 0, 36 exp(2M^ + 4u^ + 3u^ + u^)) , 

Sn = diag (0, 0, 0, 36 cxp{2u^ + Au^ + 3^3 + 2u^)) , ^12 = 0, 

Rx = diag {u\,u\,ul,u^^ , 

R2 = diag (0, ul + u^, ul + + Uy) , 

R3 = diag (0, 2ul + u^, ul + ul + u^, ul + ul + u^) , 

R4 = diag (0, ul + 2ul + u^, 2u^ + + + + + Uy) , 

R5 = diag (0, 2ul + 2ul + u^, u\ + 2^ + + u\, 2ul + 2x1^ + m^) , 

i?6 = diag (0, 0, 2u\ + 2ul + + u\ + 2ul + 2u\ + m^) , 

i?7 = diag (0, 0, 2u\ + 2ul + 2^3 + u\ + 3^^ + 2u\ + m^) , 

i?8 = diag (0, 0, 0, 2u\ + 3^2 + 2ul + m^) , 

i?9 = diag (0, 0, 0, 2u\ + 4^2 + + -^^4^ , 

i?io = diag (0, 0, 0, 2u\ + Au\ + 3ii^ + u^^ , 

Ru = diag (0, 0, 0, 2ul + Au^ + 3ul + 2u^) . 
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The matrices Z^, m 
( 



1,2,..., 12, are given by Z\ = U, 
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Z^ = 



Za = 



The matrices and 



2, 3, ... , 12, are given by 



P2 — E4, P3 — 
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Dk = 0, A; = 2,4,5,6,8,9,. 
We have the following theorem. 



12. 



Theorem 2. Systems of equations is a Liouville type system. The generalized invariants X^, the 
invariants of linearized system ^20\) . determined from formulas Q), J^j and ^0^) . are evaluated as 



1,2, 



11, X12 = 0, 
m = 1,2 12, 



where the matrices Am and Qm-i cire evaluated using the recursive relations 



Am — Am-lM, P 



-1 D-1 



m 



3,4, 



12, 



k = 4 npu m < 6, k = 3 npu m = 7, k = 2 npu m > 
Aq = JJ-'^^, Ai = J, A2 = E4^, 

Qrn-l = ^ Am-lDm + -D(-Bm-l) + Qm-2^TO-2^m-l) 



m = 2,3,...,12, go = 0. 

The elements am are then given by 

-J' iJ AmRn 



Br, 



Am J ^ 1 



4 5 



1,2 11. 



The matrices 5"^, Rmi and Zm were calculated by means of programm «Invariant», intended for 
Maple V Release 4. 

We note that the values of the index m at which the rank of the generalized invariants Xm drops 
coincide with the exponents 1, 5, 7, 11 of the JF4 systems, and the number m = 12 for which Xm = 
is equal to the Coxeter number [4]. 

3. The Cartan matrices £q — 

Systems of equations (flTjl with the Cartan matrix Sa, a 



6, 7, 8 has the form 



u: 



xy 
2 

xy 
3 



2exp(-u-'^) — exp(M^), 
2exp(M^) — exp(M^), 
— exp(-u^) + 2 exp{u^) — exp(-u'' 



xy 

''xy = — exp(M^) — exp(u^) + 2exp(M'^) — exp(M^) 



(21) 



uly = — exp(^M* ^) + 2exp(M*) — exp(u*^"'^^ 



exp('u" ^) + 2 exp('u'^). 



"xy 
"xy 



The linearization of Eqs. (f2T|) is then 

DDv = SJJv. 

The result in this section can be formulated as follows. 



5,6, 



, a - 1, 



f22) 
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Theorem 3. Systems of equations | fl7|] is a Liouville type system. The generalized invariants Xm, the 
invariants Hm of linearized system j f^) . determined from formulas and ^^), are evaluated as 

= ^a^mSm^m^ m = 1, 2, . . . , r — 1, Xj. = 0, 
Hm = l^a^mZm + Qm-l] ^m-l^a ^> m = 1, 2, . . . , r, 

where matrices Am and Qm-i are evaluated using the recursive relations 
Am = Am-iG7^Pm\ m = 2, 4, . . . , r, Aq = Ai = 

Dm + D{Bm-l) + <5m-2^m-2^m-l5 m — 2,3, ... ,1 

The elements am are then given by 

O^m = \~£-aAmRm + -Bm] A^ , VTL = . . . ,r — \. 



Qo = 0. 



The number r is equal 12 if a set to 6; r is equal 18 if a set to 7 and r is equal 30 if a set to 8. 
The matrices 5*^, -Rm, and Zm were calculated by means of programm «Invariant», intended for 
Maple V Release 4. 

The matrices Pm-, Dm, Gm Bm, Sm, Rm, Zm are given by formulaes for each a = 6, 7, 8 their. 
We recall that is the upper-triangular matrix of size k all of whose elements in the main diagonal 
and above it are equal to unity, and the matrix is the unit matrix of size k. 

To find the Laplace invariants of Eqs. (f^ when a = 6, we introduce matrices of size 6. 
The matrices Gm, m = 2,3, ... ,12 are given by G2 = Jq, 



Gr 



Gm 

The matrices 




m 



3,4,5; Gq 




m 



7, 



Gm = Ee for m = 9, 10,11,12. 



^2 

m = 1, 2, . . . , 11 of size 6, are defined as 

- the first column of the matrices Bm, m < 4 consist of arbitrary elements, 

- for m = 5 in additional to the first column, the last column Bm is also arbitrary, 

- the first, fifth and sixth columns of the matrices Bm, m = 6,7 consist of arbitrary elements, 

- the first, fourth, fifth and sixth columns of the matrices B^ consist of arbitrary elements, 

- for m > 9 in additional to the first, fourth, fifth and sixth columns, the third column Bm is also 
arbitrary, 

with the other element equal to zero. 

The matrices Pm, m = 2,3, ... ,12 are given by 
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The nonzero elements of the matrices Dr, 



( 1 







vo 



formulas 
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^^23 " 
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2,3,..., 12, are determined by the 



3e" 



3 «i. 

2^ ' 



*24 — it; 1 — 6 ; UQct — 6 

The diagonal matrices and i?^, are given by 

5*1 = diag (exp(-u-'^), exp(M^), exp(-u^), exp(-u'^), exp(-u^), exp(?/)) , 

5*2 — diag (0, exp(ti^ + -u^), exp(-u^ + -u*^), exp(-u^ + m^), exp(M'^ + m^), exp(M^ + m^)) , 

5*3 = diag (0, 4 exp('u^ + -u^ + -u^), exp('u^ + + exp('u^ + -u^ + -u^), exp('u^ + -u^ + w^), 

exp(u^ + + w^)) , 5'4 = diag (0, 9 exp(w^ + + + li^) , 4 exp(ti2 + + + w^) , 

exp(u^ + it^ + + it^), exp(ii2 + + it^ + it^), exp(ii^ + 14^ + 14^ + -u^)) , 

= diag (0, 4 exp(M2 + + 2m^ + m^), 9exp(Mi + + + + u^), 
4exp(ti^ + -ii'^ + + + M^), cxp(?i^ + + u'^ + u""' + (v,^), 0) , 



^6 = diag (0, 25 cxp(M^ + + 'u? + 2n'^ + m^), 4 exp(M2 + + 2^"^ + + m*^), 

.0,0), 



9 exp(-u-'^ + 

5*7 = diag (0, 25 exp(ii^ + + 2ii^ + + it^) , 4 exp('u^ + ^2 + ^2 + 2^^+ 
+2ii5 + -^6)^ 25 exp(ii2 + + 2x^4 + + w^), 0, 0) , 



9 



Ss = diag (0, 25 exp(M^ + u'^ + u^ + + + u^), 

25exp(Mi + + 2u^ + + + u^)^ o, 0, 0) , 

^9 = diag (0, 25 exp(?/ + ^v,^ + ?r'^ + 2?/ + 2?/ + m^)^ q, 0, 0, 0) 



'S'lo 

ul - 



'12 



0, 



-- diag (0, 25 exp(Mi + + 2u^ + + 2?/ + m^), 0, 0, 0, 0) , 
-- diag (0, 25 exp(ii^ + 2u'^ + 2u^ + 3ii^ + 2u^ + u^), 0, 0, 0, 0) , 
diag {ul,ul,ul,ul,ul,ul) , 

diag (O, ul + u^, ul + uf^, + uf^, u\ + n^, + n^)) , 
diag (O, + u;^ + u^, -u 

diag (O, + + -u^ + -ut, m?, + -uf, + -uf, + -uf,, -ul, + wf, + -uf, + -uf,, -u^, + + u\ + 



4 + ^6), 



i?5 = diag (O, 



u,. 



u: 



2<4 



3/' y 

,3 I „.4 



y,'^y + + ul + ul + U'^y, 



2ut 



Re = diag (O, ul + ul + ul + 2Uy + u^, ul + ul + 2Uy + ul + u 
ul + ul + ul + u^ + ul + ul, 0, 0) , 
Ry = diag (O, ul + u^ + 2m^ + 2?i^ + m^, ul + u^ + n 
ul + ul + 2u\ + + M^, 0, 0) , 
i?8 = diag (0, u\^u\^u\^ 2u\ + 2u\ + -u^, 
«^ + «2 + „3 ^ 2u\ + 24 + 0, 0, 0) , 
i?9 = diag (0, + + 2^3 + 2u\ + 2m^ + u\, 0, 0, 0, O) , 
i?io = diag (0, u\^ul^ 2u\ + 3ii^ + 2ul + i^^, 0, 0, 0, O) , 
= diag (0, u\ + 2^ + 2ul + 3ii^ + 2ul + i^^, 0, 0, 0, O) 



2ul 
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To find the Laplace invariants of Eqs. (f22|l when a = 7, we introduce matrices of size 7. 
The matrices Bm, m = 1,2, ... ,17 of size 7, are defined as 

- the first column of the matrices Bm, m < 5 consist of arbitrary elements, 

- for m = 6, 7 in additional to the first column, the last column Bm is also arbitrary, 

- the first, sixth and seventh columns of the matrices Bm, m = 8,9 consist of arbitrary elements, 

- the first, second, sixth and seventh columns of the matrices B^,, rri = 10, 11 consist of arbitrary 
elements, 

- the first, second, third, sixth and seventh columns of the matrices Bm, m = 12, 13 consist of 
arbitrary elements, 

- for m > 14 in additional to the first, second, third, firth, sixth and seventh columns, the third 
column Bm is also arbitrary, 

with the other element equal to zero. 



The matrices Pm, m = 2,3, ... ,12, are given by 
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The diagonal matrices Sm and Rm, are given by 

51 — diag (exp(ii^), exp(K^), exp(ii^), exp(ii^), exp(ii^), exp(ii^), exp(ii^)) , 

52 — diag (0, exp(u-'^ + li^), exp(u^ + u^),exjp{u^ + li^), exp(ii^ + w^), exp(w^ + u^), exp(w^ + li''')) , 
= diag (0, 4 exp('u^ + + it^), exp(it^ + + li^), exp(ii^ + + it^), exp(ii^ + + li^), 

exp(it5 + rt^ + li^)) , 5'4 = diag (0, 9 exp(M^ + rt^ + it^ + u^),Aexp{v? + it^ + rt^ + rt^), 

exp(M-^ + + + M^), exp(M^ + + + M^), exp(M^ + + + w^), exp(M^ + + + vJ)) , 

S'5 = diag (0, 4 cxp(?i^ + + 2?/ + 9 exp(M^ + + + -\-u^),A ey.^iu^ + v!^ + u'^ + + u^), 

exp(M^ + + u'^ + + u^), exp(-u^ + + + + u'^),exp{u^ + + + + nJ)) , 

Se = diag (0, 25 exp(M^ + + + 2u^ + w^), 4exp(M2 + + 2u^ + + u^), 

9 exp('u^ + u'^ + + u"^ + + u^),A ex.p{u'^ + + u"^ + + + u^), 

exp(w^ + + + + + u') , 0) , S-j^ diag (0, 25 exp(u^ + + 2ii^ + 2ii^ + u^) , 

25 exp(u^ + u'^ + u^ + 2u^ + + u^),A exp(w^ + + 2u^ + + + w^) , 9 exp(ii^ + + + 
+ vP + vJ),A exp(ii2 + + 2ii^ + 2u^ + u^ + vJ), 0) , 

Ss = diag (0, 25 exp(ii^ + 142 + 1^3 + + 2ii^ + li^), 25 exp(iii + v? + 2u^ + 2?/^ + + u^), 

25 exp(M^ + + + 2m^ + + + 4exp(M2 + + 2m^ + 2v!' + rt^ + 0, 0) , 

^9 = diag (0, 100 cxp(?7,2 + + 2u^ + 2u^ + 2^6 + m^), 25 exp(?7; + + 2u-^ + 2?/ + 2i/' + n^), 

25 exp(?7> + + 2^3 + 2u'^ + u,^ + u^' + 25 cxp(M^ + + + 2m'^ + 2?i^ + v^' + ^v,"^), 0, 0) , 

SiQ = diag (0, 0, 25 cxp{u^ + + 2?/ + + 2u^ + u^), 25 exp(Mi + + 2?r'^ + 2?/ + 2u^ + + -u^), 

25 exp(M^ + u'^ + u^ + 2u^ + 2u^ + 2x4^ + -u^) ,0,0), = diag (0, 0, 0, 25 ex^{v} + 2v? + 2u^+ 

+?>u^ + 2u^ + li^), 25 exp(ii^ + v? + 2u^ + 3ii^ + 2u^ + u^ + u^), 25 exp(ii^ + u'^ + 2u^ + 2ii^+ 

+2x^5 + 2u^ + -u^) , 0, 0) , ,5i2 = diag (0, 0, 0, 25 exp(ui + 2v? + 21^^ + Zu^ + 2^^ + -u^ + u^) , 

25 exp(wi + -w^ + 2u^ + 3?/^ + 21^^ + 2u^ + -u^), 0, 0) , 

^13 = diag (0, 0, 0, 25 cic^{u^ + + 2u^ + 3m^ + 3^^ + 2u^ + -u^), 

25 exp(M^ + 2u^ + 2?/ + 3m^ + 2^^ + 2u^ + u,^), 0, 0) , 

5i4 = diag (0, 0, 0, 0, 25 cxp(?/ + 2v'^ + 2?r^ + 3m^ + 3^^ + 2?/ + n^), 0, 0) , 

= diag (0, 0, 0, 0, 25 exp(M^ + 2u'^ + 2u^ + 4m^ + 3^^ + 2m'^ + m^), 0, 0) , 

^16 = diag (0, 0, 0, 0, 25 ex.^{v} + 2u'^ + ?,u^ + 4x4^ + ?,u^ + 2ii6 + vJ), 0, 0) , 

,5i7 = diag (0, 0, 0, 0, 25 exp(2iii + 2v? + 31*^ + Au"^ + 31^^ + 2u^ + -u^), 0, 0) , 

-518 = 0, 

Ri = diag (mJ, ul, u^, u^, u^, u^, m^) , 

i?2 = diag (0, ul + u^, ul + M^, + m^, Uy + m^, + m^, + m^) , 

i?3 = diag (0, + + Uy, Uy + ul + Uy, ul + Uy + u^, Uy + ul + u^, u^ + u^ + ul) , 
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i?4 = diag (0, ul + ul + ul + u^, + + + m^, ul + + + m^, + + + u^, 
ul + u^ + ul + ul,u\ + + «6 + mJ) , 

i?5 = diag (0,^2 + ^3 + + j^ul\u\\u\\ u^ul + + „4 ^ „5 + 

< + + + + + < + + + + + 4 + + «J) , 

i?6 = diag (^,u\^ul^u\^ 2u\ + 4 , + ^ 2iiJ ^ ul,u\^ ul-^ 

+ u\ + u%, ul + u\ + u\ + u% + ul + ul, ul + ul + u^y + ul + ul^ ul 0) , 
i?7 = diag (0, + «^ + 2ul + 2ul + u^ul + + + 2u\ + 7/5 + + + 2mJ + ^5 + 7^6 + ^,7^ 

u\^ul^u\^u\^u\^ul^ ul, ul + ul + 2u\ + 2u\ + + wj, O) , 
i?8 = diag (0, + + + 1u\ + + m^, + + + + + m^, 

+ + My + + + + ?4 + + 2m^ + 1u\ + + M^, 0, 0) , 
i?9 = diag (O, u\ + ul + 2u\ + 2k^ + 2ul + 14], + ^ + 2ii^ + 2u\ + 2ii^ + u^, 
u\ + u\ + 2u\ + 2iiJ + + + uj, + + + 2iiJ + 2u\ + M^ + lij, 0, 0) , 
itlio = diag (0, 0, u\ + u\ + 2w^ + 3iiJ + 2u\ + w^, -u^ + t*^ + 2w^ + 2iiJ+ 
2m^ + + mJ, 25 exp(Mi + -u^ + -u^^ + 2w^ + + + 0, O) , 

= diag (0, 0, 0, u\ + 2ul + 2?^ + 3^^ + + ^1 + „2 ^ 2^2 + 3^4 ^ + + 

+ + 2u\ + 2m^ + 2^5 + 2ul + M^, 0, 0) , 
Rv2 = diag (0, 0, 0, ?4 + 2ul + 2^3 + 3„4 + + ^6 ^ 4 + + 2m^ + + 2^ + 2ul + m^, 0, O) , 
i?i3 = diag (0, 0, 0, u\^ul^ 2ul + + 3ii^ + 2ul + m^ + 2ul + 27^^ + 3^,4 + 2x^5 + 2x^6 + 0, O) , 
i?i4 = diag (0, 0, 0, 0, u\ + 2ul + 2u\ + 3ii^ + 3^ + 2ul + -u^, 0, O) , 
i?i5 = diag (0, 0, 0, 0, u\ + 2ul + 2x^3 + + 3^ + 2^/6 + 0, O) , 
i?i6 = diag (0, 0, 0, 0, u\ + 2^2 + 3^,3 + 4^4 ^ 3^5 ^ + ^7^ q, O) , 
i?i7 = diag (0, 0, 0, 0, 2u\ + 2ul + 3^3 + 4^^ + 3^5 + + m^, 0, O) . 
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l) 

The diagonal matrices Sm and Rm-i are given by 

51 — diag (exp(ii^), exp(ii^), exp(ii^), exp(ii^), exp(ii^), exp(ii^), exp(ii^), exp(ii^)) , 

52 — diag (0, exp(it-'^ + it^), exp(it^ + it^), exp(u^ + it^), exp(ii^ + w^), exp(it^ + u^),exjp{u^ + i*^), 
exp(M''' + -u^)) , 5*3 = diag (0, 4cxp(-u^ + r*^ + w"^), cxp(-u^ + w"^), cxp(-u^ + + i*^), 
exp(M^ + -u^ + -u^), exp(-u^ + -u^ + -u®), exp(-u^ + + -u"^), cxp(-u^ + + u^)) , 

54 = diag (0, 9 cxp(-u^ + u'^ + + 4 cxp(-u^ + + + -u^), exp(?7,^ + + + u^), 

exp(M^ + u"^ + + u^),exp{u^ + u'^ + + u^), exp(-u'^ + + + u'^), cxp('U^ + + u'^ + u^)) , 

55 = diag(0,4cxp(M^ + + 2u^ + m^),9cxp(m^ + + + + m^),4cxp(m2 + v!^ + u'^ + + u^), 

exp(-u-'^ + u'^ + + + u^), cxp(?7,^ + 77,^ + + + ■u'^), exp(?i^ + + -u^ + + nJ), 
exp(u^ + + + it'^ + , 5*6 = diag (0, 25 exp(ii^ + u'^ + u^ + 2u^ + it^), 

4 exp(u2 + + 2u^ + + 14^), 9 exp(w^ + v? + v? + + + u^),A exp(w2 + ^^ + 14^ + 14^ + ^^ + li^), 
exp(ii^ + it^ + + it^ + + li^), exp('u2 + + + + + 14^), exp(ii^ + + + + vJ + u^)) , 
S7 = diag (0, 25 exp(ii^ + + 2u^ + 2u'^ + u^),A ex.p{u'^ + + 2u^ + 2?/^ + -u^) , 
25 exp(M^ + + + 2m^ + + u^),A cxp(?7,2 + + 2m^ + + + m^), 9 cxp(M^ + + + 

+ + u^),A cxp(?i^ + + u'^ + + u^' + u'^ + u^), exp(?i^ + + + + + + u^),) , 
Ss = diag (0, 49 exp(Mi + + + 2u^ + 2^^ + m^), 25 cxp(m1 + + 2u^ + 2u^ + + u^), 
4exp(M2 + + 2u^ + 2m^ + + v^), 25exp(M^ + + + 2m^ + + + m^), 
4exp(M2 + v? + 2m^ + + m*^ + + m^), 9 cxp(M^ + + + + _^ ^6 _^ ^7 _^ ^8^^ ^ 
5*9 = diag (0, 4 exp(M2 + + 2u^ + 2m^ + 2m^ + m'^), 49 exp(M^ + + + 2u^ + 2u^ + + u^), 
25 exp('u^ + u'^ + 2u^ + 2u^ + + + u^) , 4 exp('u2 + 1^3 + 2it^ + 2u^ + ^vJ + u^) , 
25 exp(w^ + u^ + u^ + 2u^ ^ ^ vP ^ uJ ^ w^), 49 exp(xi^ + + 2x4^ + 2x4^ + 2u^ + w^), 0) , 
SiQ = diag (0, 49 ex^{u^ + v? + 2u^ + ?,u^ + 2ii^ + li^), 4 exp(ii2 + -u^ + 2ii^ + 2ii^ + 2u^ + + u^), 
49exp(it^ + + + 2u^ + 2m^ + rt^ + rt^ + rt^), 25exp(it^ + + 21*^ + 2it^ + it^ + rt^ + it'^ + rt^), 
49exp(M^ + + 2^3 + + 2^^ + + m^), 49 eic^{u^ + + + 2u^ + 2u^ + 2^^ + m^), 0) , 
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= 0, m = 25, 26, ... , 30. 
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^11 = diag (0, 49 cxp{u^ + + + + + m^), 49exp(M^ + + 2v? + + + + li^), 
4exp(M2 + + + + 2m'' + 2m'^ + m^), 25 exp(M^ + + ^v?" + 2m'' + 2m^ + + m'^ + m*^), 
49 exp(Mi + mV li^ + 2?/ + 2^5 + + + n^), 49 exp(Mi + + 2?r'^ + + 2?/ + 2?/ + vJ), 0) , 
,Si2 = diag (0, 49 exp(Mi + + 2^3 + + 2^^ + + m^), 49 exp(Mi + + + + 2?/+ 
+2^6 + M^), 4 exp(Mi + ^2 + ^3 + 2m^ + 2^5 + + 2m^ + m^), 49 q-^{v} + m^ + + + 2m^+ 
+ M^ + M^), 49 exp(Mi + 1*2 + 2^3 + 2m^ + + 2^^ + m^ + u^), 0, 0) , 

= diag (0, 49 exp(Mi + + 2^^ + Sw^ + 2^^ + 2^^ + m^), 49 exp(Mi + m^ + 2^^ + 'iu^ + 3m^+ 
+2^6 + m^), 4 exp(M^ + M^ + 2m^ + + 2m^ + 2^^ + ^vJ + w^), 49 exp(Mi + 1v} + 2m^ + 3^''+ 

+2m^ + m'^ + m'^ + M^), 49 cxp(?i^ + + 2?i^ + "ixi^ + 2?i^ + 2?^'^ + xl' + u,^), 0, 0) , 

514 = diag (0, 49 exp(M^ + 2u^ + 2u^ + Sm-* + Sm^ + 2^^ + m^), 49 ^^^{v} + m^ + 2^3 + 3^4^ 
+3?/ + 2?/ + + M^), 4 exp(Mi + + 2^3 + + ^xi^ + 2^^ + 2m^ + u^), 

49 exp(u^ + 2v? + 2^^ + 3^^ + + 2^^ + + u^), 0, 0, 0) , 

515 = diag (0, 49 exp(M^ + + 2^3 + 4^^ + 3^5 + 2?/ + ?/), 

49 exp(M^ + 2^2 + 2^3 + 3^^ + 3^^ + + + m^), 4 exp(Mi + -u^ + 2^3 + 3m^ + 3^^ + 2^^ + 2u^ + 
4 exp(M^ + + 2^3 + 3m^ + 2^^ + 2u^ + 2m^ + m^), 0, 0, 0) , 
Sx^ = diag (0, 49 exp(M^ + 2u^ + 3m^ + 4m^ + 3^^ + 2^^ + m^), 

49 exp(M^ + 2v? + 2m=^ + 4m^ + 3^^ + 2u^ + + w^), 4 exp(M^ + m^ + 2^^ + 3m^ + 3^^ + Zu^ + 2u' + m^), 
4exp(M^ + 2u^ + 27/3 + 3m^ + ?>u^ + 2^^ + 2u^ + 0, 0, 0) , 

^17 = diag (0, 49 cxp(2?7,i + 2u^ + 3^^ + 4m^ + 3m^ + 2u^ + m^), 49 exp(Mi + 2^2 + 3^3+ 
+4^4 + 3m-' + 2m6 + m^ + m^), 4 exp(Mi + 2u^ + 2u^ + 3m^ + 3m^ + 3m'' + 2m^ + m^), 
4 exp(M^ + 2m2 + 2u^ + 4m^ + ?>u^ + 2?/ + 2m^ + m^), 0, 0, 0) , 

Sx^ = diag (0, 49 exp(2M^ + 2u^ + 'iu^ + 4m^ + 3m^ + 2m^ + m^ + m^), 49 exp(M^ + 2u^ + 3m3+ 
+4m^ + 3m5 + 2m^ + 2m^ + m«), 4 exp(Mi + 2^^ + 2m=^ + 4m^ + 3m^ + 3m'' + 2m^ + m^), 0, 0, 0, 0) , 
Svi = diag (0, 49 exp(2M^ + 2v} + Zu^ + 4m'' + 3m^ + 2m'' + 2m^ + m^), 49 exp(M^ + 2v}^ 
+3m=^ + 4m^ + 3m5 + 3m'' + 2m^ + m^), 4 exp(M^ + 2v? + 2u^ + 4m'' + ^u^ + 3m'' + 2m^ + m^), 0, 0, 0, 0) , 

= diag (0, 49 exp(2Mi + 2m2 + 'iu^ + 4m^ + + 3m'' + 2m^ + m^), 
49 exp(Mi + 2m2 + 3?/ + 4m^ + ^u^ + 3m'' + 2m^ + m^), 0, 0, 0, 0, 0) , 

^21 = diag (0, 49 exp(2Mi + 2m2 + 'iu^ + 4m^ + 4m^ + 3m'' + 2m^ + m^), 49 exp(Mi + 2m2 + ?>v?+ 
+5m^ + 4m5 + 3m'' + 2m^ + M^), 0, 0, 0, 0, 0) , 

^22 = diag (0, 49 exp(2M^ + 2v} + Zu^ + 5m^ + 4m^ + 3m'' + 2m^ + m^), 49 exp(M^ + "iu^ + 3m3+ 
+5m^ + 4m5 + 3m'' + 2m^ + M«), 0, 0, 0, 0, 0) , 
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= diag (0, 49 cxp{2u^ + 2u^ + Au^ + bu"^ + Au^ + + 2u' + u^) , 49 exp{2u^ + 3u'^+ 
+3u^ + + 4u^ + 3u^ + + u^), 0, 0, 0, 0, 0) , 

^24 = diag (0, 0, 49 exp{2u^ + + Au^ + 5?/ + 4?/ + + 2?/ + u^), 0, 0, 0, 0, 0) , 

= diag (0, 0, 49 exp{2u^ + Sm^ + 4u- + + 4?/ + 3?/ + 2?/ + u^), 0, 0, 0, 0, 0) , 

,^26 = diag (0, 0, 49 exp{2u^ + 3u'^ + Au^ + Gu"^ + + 3^^ + 2u'^ + u^), 0, 0, 0, 0, 0) , 

^27 = diag (0, 0, 49 exp{2u^ + + iu^ + Gu"^ + + iu^ + 2u^ + u^), 0, 0, 0, 0, 0) , 

^28 = diag (0, 0, 49 exp(2iii + ?>u^ + Au^ + ^u^ + hu^ + + ?>u^ + u^), 0, 0, 0, 0, 0) , 

^29 = diag (0, 0, 49 exp(2Mi + ?>u^ + Au^ + ^u^ + hu^ + 4^^ + ?>u^ + 2m^), 0, 0, 0, 0, 0) , ^30 = 
Rx = diag {u\, u\, u\, u\, u^, u\, u^^ , 

R2 = diag (0, + u-l, + u^, + u^,u'^ + ul,ul + u^, + u], + u^) , 

R3 = diag (0, ul + ul + u\, u\^u\^ u\, ul + + m^, + + ul, u* + ul + u^, 

ul + ul + til,ul + ul + ul), 

R4 = diag (0, ul + ul + u-^y + u^, ul + Uy + u^ + 4' + + 

ul + u''y + ul + ul,ul + u^y + ul + ul, ul + ul + ul + ul,ul + ul + ul + ul), 

R5 = diag (0, ul + ul + 2u\ + u\, u\ + ul + u\ + u\ + u% ul + u\ + u\ + u% + u%, 

i?6 = diag (0, u\^u\^u\^ 2u\ + u\, + + + + + + ^3 ^ ^4 ^ ^5 ^ ^6 

ul + ul + Uy + u^ + uf^ + ul, ul + ul + Uy + u^ + ul + ul, ul + Uy + ul + u'^ + ul + u^, 
u^ + ufi + ul + u^ + ul + u^) , 

Rj = diag (0, ul + ul + 2ul + 2u^ + ul, + + 2m^ + 2ul+ u^, ul + ul + ul + 2ul + + 
ul + ul^ 2uy + ul + ul + ul, ul + ul + ul + Uy + ul + u^ + ul, 
ul + ul + Uy + ul + ul + ul + ul, ul + ul + Uy + ul +ul + ul + ul,) , 
Rg = diag (0, ul + ul + ul + 2u^ + 2ul + u^, ^ + ^ + 2ul + 2xi^ + + "u^, 
+ u;^ + 2m^ + 2ul + ul + ul, + + + 2m^ + + + m^, 
+ ^3 + 2m^ + + + + ul, ul + ul + ul + ul + ul + ul + ul + ul, 0) , 
i?9 = diag (0, + ^3 ^ 2ul + 2?i^ + + m^, ul + u^ + ul+ 2m^ + 2m^ + + m^, 
ul + ul + 2ul + 2m^ + -u^ + ^6 ^ ul + ul + 2ul + 2^5 + ^6 ^ ^7 ^ 
ul + ul + ul + 2ul + +1^^ + ul + ul + ul, ul + ul + 2ul + 2ul + 2ii^ + -u^^ O) , 
Rw = diag (0, ul + ul + 2ul + 3ii^ + 2ul + i*^, ^ + -^3 + 2ii^ + 2ii^ + 2u^ + i*^ + li^, 

+ + ^3 ^ 2lll + 2?7,^ + + + M^, + + + + + + + U,^, 

ul + + 2ujj + 2ul + 2m^ + + ul, ul + ul + ul + 2m^ + 2m^ +2m^ + 0) , 
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Ru = diag (0, + 2ul + 2ul + + + u^, + + 2ul + + + + 
+ ^3 ^ + 2ul + ul + 2u\ + u\, u\^ul^ 2u\ + 2m^ + 2u\ + + + m^, 
+ + + 2u'y + 2m^ + 2^6 + + M^, ul + ul + 2m^ + + + 27/6 + 0) , 
i?i2 = diag (0, ul + 2ul + 2?^ + 3^4 ^ + + -u^, ul + 2^3 + 3^4 ^ + 2^6 + 
ul + ul + ul + 2ul + 2ti^ + 2ul + 2ii^ + ul, ul + ul + 2ul + 3ti^ + 2ul + -u^ + i*^ + li^, 

+ + 2ul + 2ii^ + 2^ + +2ul + ul + ul, 0, 0) , 
i?i3 = diag (0, u] + 2^2 + 2m^ + 3^4 ^ + 2m^ + m^, ul + ul + 2ul + 3m^ + 3?^ + 2ul + m^, 
ul + ul + 2ul + 2u^ + 2ul + 2ul + 2m^ + m^, + 2^2 + 2ul + 3m^ + 2m^ + + + 

+ m2 + 2^3 + 3m^ + 2^5 + 2^6 + y7 ^ 0, 0) , 
i?i4 = diag (0, ?4 + 2m,^ + 2m^ + 3^i4 ^ 3^5 ^ 2776 + ?7„^, «!+ + 2?i|^ + 3m^ + 3m,^ + 2m|; + + m^, 
+ ^ + 2^3 + 3m^ + 2ul + 2x^6 + 2ul + it^, li], + 2ul + 2ii3 + 31^4 ^ 2x^5 + 2x^6 + 14^ + ^^8^ 0, 0, 0) , 
i?i5 = diag (0, ul + 2ul + 2ii^ + Au^ + 3^ + 2ii^ + ul, u] + 21^2 + 2ul + 3ii^ + 3ii^ + 2ii^ + + i*^, 
ul + ul + 2ul + +37/^ + 34 + 27/6 + 27i^ + ul, ul + 2^ + 2ul + 37i^ + 2ul + 27/^ +27i^ + ul, 0, 0, O) , 

i?16 = diag (0, 7^ + 277,^ + 377^ + 477^ + 377^+ 2v^y + 7i,^, 7i,^ + 277,2 _^ g'U'j + 477^ + 3(7^ + 277|; + 77^ + 77,^, 
Ul + Ul + 2ul + 377^ + 377^ + 3776 + 277^ + 77^, + 277^ + 277^ + 377^ + 377^ + 277^ + +277^ + 77^, 0, 0, O) , 

Rn = diag (O, 277^ + 2ul + Su^ + Au^ + Su^ + 277^ + 77^, 77^ + 277^ + 377^ + 477^ + 377^ + 277^ + 77^ + 77^, 

77^ + 2ul + 2ul + 377^ + 377^ + 377^ + 277^ + 77^, 77^ + 277^ + 277^ + 477^ + 377^ +277^ + 277^ + 77^, 0, 0, O) , 

i?i8 = diag (O, 277^ + 277^ + 377^+ 477^ + 37^^ + 2776 + 7i^ + ul, ul + 27*2 + 37i3 + 47i^ + ?,ul + 27^6+ 
+27^^ + ul, ul + 2ul + 27i^ + 477^ + ^ul + 37^6 + 277^ + ul, 0, 0, 0, 0) , 

i?19 = diag (0, 27i^ + 277^ + 377^ + 477^ + 377^+ 2776 + 277^ + 77^, 77^ + 277^ + 377^ + 477^ + 377^ + 377^+ 
+277^ + Ul,ul + 2ul + 2ul + 477^ + 477^ + 3776 + 2?7^ + 77^, 0,0.0,0), 

i?2o = diag (0, 277I + 2ul + 37/3 + 477^ + 377^ + 377^ + 277^ + 77^, 77^ + 277^ + 37/3 + 477^ + 477^ + 3776+ 

+277^ + 778,0,0,0,0,0), 

R21 = diag (0, 277^ + 2772 + 37/3 + 477^ + 477^ + 377^ + 277J + ul, ul + 2ul + 3773 + 577^ + 477^ + 3776+ 

+277^ + 77^, 0, 0, 0, 0, 0) , 

R22 = diag (0, 277^ + 277^ + 377^ + 577^ + 477^ + 3776 + 277^ + 77^, 77^ + 377^ + 377^ + 577^ + 477^ + 377^+ 
+277^ + 77^, 0, 0, 0, 0, 0) , 

i?23 = diag (0, 277^ + 2ul + 477^ + 577^ + 477^ + 37/6 + 277^ + 77^, 277^ + 377^ + 377^ + 577^ + 477^ + 377^ + 
+ 277^ + 77^, 0,0,0,0,0), 

i?24 = diag (O, 0, 277^ + 377^ + 477^ + 577^ + 477^ + 3776 + 277^ + 77^, 0, 0, 0, 0, O) , 
i?25 = diag (0, 0, 277^ + 377^ + Aul + 677^ + 477^ + 3776 + 277^ + 77^, 0, 0, 0, 0, 0) , 
i?26 = diag (0, 0, 277^ + 377^ + 477^ + 677^ + 577^ + 377^ + 277^ + 77^, 0, 0, 0, 0, O) , 
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i?27 = diag (0, 0, 2ul + 3^2 + Au^ + Qu^ + 5?^ + Aul + 2?^ + m^, 0, 0, 0, 0, O) , 
i?28 = diag (0, 0, 2u\ + + Au^ + + 5^ + Au^ + 3m^ + m^, 0, 0, 0, 0, O) , 
i?29 = diag (0, 0, 2ul + 3^2 + Aul + K + ^4 + H + ^^^J + 0' 0' 0' 0' O) ■ 



The matrices Z^, m = 1, 2, . . . , 30, are given by Zi — U, 
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m = 25, 26, 27, 28, 29, Z30 = 0. 
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The nonzero elements of the matrices Dm = {dij)^j=i , m = 2, 3, . . . , 30, are determined by the 
formulas 

^3 _ ^9 — _pu'^. ^9 _QpM^_3 «!. ^13 _ _ M3_ u^. 

"21 ~ 1 "68 ~ 1 "78 — 2 ' 37 ~ ' 67 ~ ^ ' 



^15 _ ^15 _ 2 u'^ . Jib _ _pU^. ^19 _ 7 m3 , 

"36 ~ ' "46 ~ 7^ ' "56 ~ ' "35 ~ 2 ' ■ 



19 _ 7„M^ ^19 _ 

45 ~ ^ > 



J21 _ 7 j25 _ 

"34 ~ 2 ' 32 ~ ■ 

The matrices Gm, m = 2,3, ... ,30, are given by 
G2 = Js', Gm ^ ^ J7 } ' = 3, 4, . . . , 8; 
1 

Gm = \ Jq I for m = 9, 10, 11; Gm = ^8, m > 12. 
1 

The matrices Bm, m = 1,2, ... ,29 of size 8, are defined as 

- the first column of the matrices Bm, m < 7 consist of arbitrary elements, 

- for m = 8, 9, 10 and 11 in additional to the first column, the last column Bm is also arbitrary, 

- the first, seventh and eight columns of the matrices Bm, m = 12, 13 consist of arbitrary elements, 

- the first, sixth, seventh and eight columns of the matrices Bm, m = 14, 15, 16, 17 consist of 
arbitrary elements, 

- the first, firth, sixth, seventh and eight columns of the matrices Bm, m = 18, 19 consist of arbitrary 
elements, 

- the first, fourth, firth, sixth, seventh and eight columns of the matrices Bm, m = 20, 21, 22, 23 
consist of arbitrary elements, 

- for m > 24 in additional to the first, fourth, firth, sixth, seventh and eight columns, the second 
column Bm is also arbitrary, 

with the other element equal to zero. 

We note that the values of the index m at which the rank of the generalized invariants Xm drops 

1,4,5,7,8,11 ( a = 6 



coincide with the exponents 1, 5, 7, 9, 10, 13, 17 systems (OTll for < a = 7 

1,7,11,13,17,19,23,29 I a = 8 



r = 12 

corresponding, and the number ^ r = 18 , for which Xm = is equal to the Coxeter number [4]. 

r = 30 
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